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This study extends the traditional problem of a seismic response of elastic foundations
under isothermal conditions when considering thermal effects. Firstly, a free-field model of
the elastic foundation is established under the incidence of plane P -waves. Then, utilizing the
principles of wave propagation in a homogeneous and isotropic thermoelastic medium and the
principle of Helmholtz vector decomposition, the influence of thermal physical parameters
such as thermal conductivity, medium temperature on seismic ground motion of the free-
-field on elastic foundation is investigated, which provides a reasonable explanation for the
ground motion of a site under thermal effects.
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1. Introduction

The problem of a site seismic respons, or the influence of site conditions on seismic wave prop-
agation, has attracted much attention as one of the two major fluctuation problems in seismic
engineering. The initial research on the seismic response problem of elastic foundations has been
considering isothermal conditions. However, with the accelerated industrialization and modern-
ization in various countries, the fields of petroleum engineering, pavement engineering, thermal
engineering and chemical engineering are thriving. The impact of thermal effects, such as tem-
perature fluctuations, on wave propagation characteristics in elastic media has garnered an
increased attention of numerous scholars. Due to the mutual coupling between heat and force,
the propagation of waves in elastic media is more complicated. Therefore, it is crucial to establish
a free-field model that can reflect the actual site soil properties under non-isothermal conditions
by considering thermal effects and studying seismic ground motion of the free field with elastic
foundations.

The theory of uncoupled thermoelasticity was introduced by Duhamel (1837) and Neuman
(1885), but it has two main limitations. The first limitation is that the theory assumes that
the temperature does not affect the mechanical state of an elastomer, which does not follow
the actual physical experiments. Secondly, the theory assumes that the propagation velocity of
thermal waves is infinite, which is also physically unreasonable. Then Biot (1956) proposed the
thermoelastic coupling theory, which resolves the first issue with the uncoupled theory, but unfor-
tunately, the coupled theory still has the second limitation. To overcome this drawback, scholars
proposed two generalized thermoelastic theories that allow thermal waves to propagate at finite
velocities. Lord and Shulman (1967) introduced a new thermoelastic coupling theory to modify
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Fourier’s heat conduction theorem based on considering the effect of a flux-rate term, which al-
lows prediction of finite velocities when thermal waves propagate. Green and Lindsay (1972) pre-
sented a generalized theory of thermoelasticity that modifies the Duhamel-Neumann relation and
the energy balance equation. Based on previous studies, Green and Naghdi (1991) developed a
novel thermodynamic model of deformed media, which explained the phenomenon of the thermal
wave propagating at a finite speed in detail under the heat flow environment in rigid solids. Green
and Naghdi (1993) then gave a detailed explanation and constructed a new thermoelasticity the-
ory based on the thermodynamic model, which defined the heat flow as a heat wave propagating
at a finite velocity. Tzou (1995a,b) introduced the heat flux phase delay time and temperature
gradient phase delay time based on the previous studies to make corrections to Fourier’s heat
conduction theorem with a modification and proposed a two-phase lag model for single-phase
thermoelastic media. Hetnarski and Ignaczak (1999) published a review paper on the representa-
tion within the scope of generalized thermoelasticity theory. Abouelregal (2011) presented basic
control equations for generalized isotropic thermal elastomers without body forces and heat
sources.

Scholars have extensively researched the propagation of thermoelastic waves in elastic media
using the aforementioned generalized thermoelasticity theory. Sinha and Sinha (1974) as well
as Sinha and Elsibai (1996, 1997) studied the reflection of thermoelastic waves at the interface
of two semi-infinite media and from the free surface of a solid half-space, respectively. Abd-
-Alla and Al-Dawy (2000) explored the reflection phenomenon of SV waves in a thermoelastic
medium. Sharma et al. (2003) investigated the problem of thermoelastic wave reflection from
various boundaries of a solid half-space under different theories of generalized thermoelasticity.
Furthermore, Singh (2005b) focused on the reflection of SV waves from the free surface of
an elastic medium. Then Singh (2005a) went on to study the phenomenon of reflection of P
and SV waves from the free surface of an elastic medium with thermal diffusion properties.
Kumar and Sharma (2005) examined the reflection of a plane wave on a thermoelastic half-space
boundary.

Although scholars at home and abroad have executed some studies on the propagation of
thermoelastic waves in single-phase media and the reflection trouble on the interface of such
media, there are few studies on seismic ground motion of a free field on a elastic founda-
tion. Wang and Zhao (2022) studied the seismic response of subsurface structures in single-
-phase soils. Zhao et al. (2022) studied the seismic response of elastic foundations under the
action of Rayleigh waves. However, previous studies have been on the seismic ground motion
of the free field of elastic foundations under isothermal conditions. No papers have investi-
gated the effect of the incident plane waves on the free field of elastic foundations on the seis-
mic ground motion under thermal effects. However, the thermal effect significantly affects the
wave propagation characteristics. The impact of heat on elastic wave propagation is related
to numerous seismological and astrophysical issues, thereby holding far-reaching significance
for researching seismic motion analysis of free sites considering the effect of heat. Moreover,
this study offers a plausible explanation for the seismic ground motion of a site under the im-
pact of heat and provides technical support for the seismic design of large structures in the
area.

In this paper, based on the fluctuation equation of a single-phase thermoelastic medium es-
tablished by Liu et al. (2021), the corresponding fluctuation equation of a thermoelastic medium
is solved in the right-angle coordinate system. The free-field model of the elastic foundation is
established, the wave field of the site is analyzed, and the analytical solution of each amplitude
coefficient is obtained by combining the wave field function and the corresponding boundary
conditions. Finally, the impact of thermal physical parameter such as medium temperature on
the ground motion of the earthquake site is analyzed.
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2. Field fluctuation equation for elastic media

Bedrock layers I and II are simulated with the use of a single-phase thermoelastic medium.
According to the generalized thermoelasticity theory, the fluctuation equation for a single-phase
thermoelastic medium was proposed (Liu et al., 2021) as follows

µe∇2us + (λe + µe)∇(∇ · us)− 3Kbβs∇T = ρeüs

3KbβsT0∇ · (u̇s + τqeüst) + ρecse(Ṫ + τqeT̈ ) = Ke∇2(T + τθeṪ )
(2.1)

where Kb = (λe + 2µe)/3 – bulk modulus, λe and µe – Lame’s constant of the single-phase
medium, βs – thermal expansion coefficient, ρe – density, cse – specific heat capacity of the
solid phase, τqe – phase-lag of the heat flux, τθe – phase-lag of the gradient of temperature, T –
Kelvin medium temperature, T0 – initial temperature, Ke – thermal conductivity, u

s – solid
phase displacement.

According to the decomposition principle of the Helmholtz vector, the solid phase displace-
ment vector can be decomposed as follows

us = ∇ψs +∇×Hs (2.2)

where ψs denotes the scalar potential function of the solid skeleton and H
s denotes the vector

potential function of the solid skeleton.

The potential function in a solid-phase medium can be assumed as

ψs = As exp[i(kpx− ωt)] Hs = Bs exp[i(ksx− ωt)]
T = AT exp[i(kpx− ωt)]

(2.3)

where As and Bs represent amplitudes of the corresponding potential functions, kp denotes the
complex wave number of P -wave (including T -wave), ks denotes the complex wave number of
S-wave, i denotes the imaginary number which satisfies i =

√
−1, ω is the angular frequency.

Substiting Eq. (2.2) into Equations (2.1) and then combining the resulting equations with
Eqs. (2.3), the theoretical derivation leads to the characteristic equation for the bulk wave in a
thermoelastic single-phase solid medium as follows
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By solving characteristic equations (2.4), it is known that there are two compressional waves
(containing thermal waves) and one shear wave in a single-phase thermoelastic medium.

3. Wavefield analysis

Consider a plane P -wave with a frequency of ω that is incident upon the interface between
single-phase thermoelastic media I and II at an arbitrary angle ϕ, originating from the bedrock
layer. The resulting wave propagates and generates three types of reflected waves (reflected P -,
S- and T -wave) as well as three types of transmitted waves (transmitted P -, T - and S-wave)
within both media. The entire process is depicted in Fig. 1. As the seismic wave continues to
propagate in the elastic medium, the reflected P -, T - and S-wave are generated at the interface
between the single-phase thermoelastic medium II and the free surface.
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Fig. 1. Simplified model of the elastic foundation free field

3.1. Wave field functions and their solutions

The paper expresses the functional form of the wave field in both single-phase media I and II
as follows:

(1) In bedrock layer I (z > H)

— P -wave

ψe = Asip1 exp[ikip1(lip1x− nip1z − cip1t)]

+
2
∑

n=1

As1rpn exp[ik1rpn(l1rpnx+ n1rpnz − c1rpnt)]
(3.1)

— T -wave

T e = Asip1δ
e
Tp1 exp[ikip1(lip1x− nip1z − cip1t)]

+
2
∑

n=1

As1rpnδ
e
Tpn exp[ik1rpn(l1rpnx+ n1rpnz − c1rpnt)]

(3.2)

— S-wave

He = B1rs exp[ik1rs(l1rsx+ n1rsz − c1rst)] (3.3)

(2) In bedrock layer II (0 < z < H)

— P -wave

ψu =
2
∑

n=1

Atpn exp[iktpn(ltpnx− ntpnz − ctpnt)]

+
2
∑

n=1

A2rpn exp[ik2rpn(l2rpnx+ n2rpnz − c2rpnt)]
(3.4)
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— T -wave

T u =
2
∑

n=1

Astpnδ
u
Tpn exp[iktpn(ltpnx− ntpnz − ctpnt)]

+
2
∑

n=1

As2rpnδ
u
Tpn exp[ik2rpn(l2rpnx+ n2rpnz − c2rpnt)]

(3.5)

— S-wave

Hu = B2ts exp[ik2ts(l2tsx− n2tsz − c2tst)] +B2rs exp[ik2rs(l2rsx+ n2rsz − c2rst)] (3.6)

where the subscripts i, r and t correspond to the incident, reflected and transmitted waves,
respectively. β denotes different reflected P -wave (including T -wave) in single-phase medium I
(β = 1, 2), and n denotes different reflected and transmitted P -wave (including T -wave) in
single-phase medium II (n = 1, 2). kip1 and cip1 represent the wave number and velocity of
the incident P -wave, respectively. k1rpβ and k1rs denote complex wave numbers of two reflected
compressional waves (P -wave and T -wave) and one reflected shear wave (S-wave) in single-phase
thermoelastic medium I, respectively. c1rpβ and c1rs denote wave velocities of the two reflected
compressional waves (P -wave, T -wave) and one reflected shear wave (S-wave) in single-phase
thermoelastic medium I, respectively. ktpn and k2ts represent wave numbers of the transmitted
P -wave (including T -wave) and transmitted S-wave in single-phase thermoelastic medium II,
respectively. ctpn and c2ts represent velocities of the transmitted P -wave (including T -wave)
and transmitted S-wave in single-phase medium II. k2rpn and k2rs represent wave numbers
of the reflected P -wave (including T -wave) and reflected S-wave in single-phase medium II,
respectively. c2rpn and c2rs denote velocities of the reflected P -wave (including T -wave) and
reflected S-wave in single-phase medium II, respectively. l, n denotes the direction vector of the
corresponding wave.
According to Snell’s theorem, in single-phase medium I and adjacent single-phase medium II,

the number of waves in the horizontal direction of each bulk wave must be equal, as follows

lipkip = l1rp1k1rp1 = l1rp2k1rp2 = l1rsk1rs = ltp1ktp1 = ltp2ktp2 = l2tsk2ts (3.7)

Upon taking the derivative of Eqs. (2.4), one arrives at the amplitude ratio of the potential
function between the P -wave and T -wave in the single-phase thermoelastic medium:

δTpn =
AT
AS
= −k11

k12
n = 1, 2 (3.8)

3.2. Boundary conditions

(1) The boundary conditions at the interface between single-phase thermoelastic media I and II
(z = H) are as follows:
— stress continuity at the cross-interface

σzz = σ
e
zz σxz = σ

e
xz (3.9)

— the solid phase displacement at the interface is continuous

usz = u
e
z usx = u

e
x (3.10)

— temperature and its change rate at the interface are continuous

T = T e K
∂T

∂z
= Ke

∂T e

∂z
(3.11)
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(2) At the interface between single-phase thermoelastic medium II and the free surface (z = 0),
the following hold

σzz = 0 σxz = 0
∂T

∂z
= 0 (3.12)

The expression for the stress displacement in a single-phase medium is as follows

ux =
∂ψs

∂x
− ∂Hs

∂z
uz =

∂ψs

∂z
+
∂Hs

∂x

σxz = µ
(

2
∂2ψs
∂x∂z

+
∂2Hs
∂x2

− ∂2Hs
∂z2

)

σzz = λ
(∂2ψs

∂x2
+
∂2ψs

∂z2

)

+ 2µe
(∂2ψs

∂z2
+
∂2Hs

∂x∂z

)

− 3KbβTT

(3.13)

The wave field functions Eqs. (3.1) to (3.3) and Eqs. (3.4) to (3.6) are substituted into the
boundary conditions Eqs. (3.9) to (3.11) and (3.12) to obtain each amplitude coefficient, which
may be represented as a system of linear equations

FN = AipG (3.14)

where N = [As1rp1, A
s
1rp2, B

s
1rs, A

s
tp1, A

s
tp2, B

s
2ts, A

s
2rp1, A

s
2rp2, B

s
2rs]
T, the elements f11-f99 and

g1-g9 in the matrix are given in Appendix A.

4. Free surface displacement

Upon determining the wave field, it is possible to calculate the displacement and stress on the
site. By substituting Eqs. (3.4)-(3.6) into the relevant expression, the expressions for surface
displacement Ux and Uz can be obtained

Ux = A
s
tp1iktp1ltp1 +A

s
tp2iktp2ltp2 +A

s
2rp1ik2rp1l2rp1 +A

s
2rp2ik2rp2l2rp2

+Bs2tsik2tsn2ts −Bs2rsik2rsn2rs
Uz = −Astp1iktp1ntp1 −Astp2iktp2ntp2 +As2rp1ik2rp1n2rp1 +As2rp2ik2rp2n2rp2
+Bs2tsik2tsl2ts +B

s
2rsik2rsl2rs

(4.1)

In this paper, the displacement amplification coefficients ux/u0 and uz/u0 of the free-field
surface are used to characterize the surface displacement of the elastic foundation free-field,
where the displacement amplification coefficient is expressed as the ratio of the displacement
amplitude in the corresponding direction to the displacement amplitude of the incident wave u0.

5. Numerical analysis

Through numerical calculations, the P -wave incident elastic foundation free site seismic ground
motion under the thermal effects is studied, and the impact of parameters such as medium
temperature, on seismic ground motion produced by the site are specifically analyzed. Among
them, the material parameters of the single-phase thermoelastic medium are chosen according
to Liu et al. (2021). Table 1 illustrates the necessary parameters for numerical simulations.
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Table 1. Physical parameters of single-phase thermoelastic media

Material parameters

Thermal Density Solid Phase lag Phase lag Medium Thermal
conducti- of soil phase of the of gradient of tempera- expansion
vity Ke particle ρe heat cse heat flux temperature ture T coefficient
[J/s/m/K] [Kg/m3] [J/kg/K] τqe [s] τθe [s] [K] βTe [1/K]

3 2700 1046 2.0 · 10−7 1.5 · 10−7 293.2 4.0 · 10−4

Lamé Lamé Thermal The density Solid Phase Phase lag
constant constant conducti- of soil phase lag of of gradient of

λe µe vity Ku particle ρu heat cue heat flux temperature
[kPa] [kPa] [[J/s/m/K] [Kg/m3] [J/kg/K] τqu [s] τθu [s]

12 · 106 8 · 106 3 2700 1046 2.0 · 10−7 1.5 · 10−7

Medium Thermal expansion Lamé Lamé
temperature coefficient constant constant

T [K] βTu [1/K] λu [kPa] µu [kPa]

293.2 4.0 · 10−4 9 · 106 4 · 106

5.1. Effect of thermal conductivity at different incident angles

As is commonly understood, the magnitude of thermal conductivity is indicative of the soil
capacity for heat transmission. A higher thermal conductivity results in more intense atomic
thermal motion and faster propagation of heat. Conversely, a lower thermal conductivity leads
to slower atomic thermal motion and slower propagation of heat. To investigate the regularity of
how changes in thermal conductivity affect the amplification coefficient of surface displacement,
one must keep other parameters constant. Figure 2 illustrates the curves depicting the surface
displacement amplification coefficient as a function of the angle of incidence for varying levels
of thermal conductivity. Firstly, observing Fig. 2, it is apparent that the horizontal and vertical

Fig. 2. Variation curve of the surface displacement amplification coefficient with the incident angle
under different thermal conductivity

displacement amplification coefficients obtained for the two theoretical models considering the
thermal effect and the other neglecting it have significant differences. When considering the
thermal effect, the horizontal displacement amplification coefficient is similar to that without
the thermal effect. However, the horizontal displacement amplification coefficient is smaller with
the thermal effect. In the case of the vertical displacement amplification coefficient, both the
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peak angle and the magnitude of the amplification coefficient are lower when thermal effects
are considered. Furthermore, as depicted in Fig. 2, when taking thermal effects into account,
both surface displacement amplification coefficients increase first and then decrease with a rise
in the incidence angle. The horizontal and vertical displacement amplification coefficients reach
the peak at the incidence angle ϕ = 40◦ and ϕ = 15◦, respectively. As the thermal conductivity
increases, the surface displacement amplification coefficients undergo tiny changes. Thus, it is
clear that the influence of considering thermal effects on the surface displacement amplification
coefficient should not be disregarded.

5.2. Effect of thermal expansion coefficient at different incidence angles

To examine the influence of variations in thermal expansion coefficients on amplification co-
efficients of surface displacement, the other parameters are kept constant. Figure 3 displays the
curves of the latter as a function of the incidence angle for varying levels of thermal expansion
coefficients. Firstly, observing Fig. 3 that regardless of the value of the thermal expansion coeffi-
cient, when the P -wave is incident horizontally from the bedrock layer, the surface horizontal and
vertical displacement amplification coefficients will be 0. The reason is that since the incident
P -wave propagates in the horizontal direction, the transmission and reflection in single-phase
medium II will disappear. That is, the free surface will not produce displacement. In addition,
as the incident angle increases, the surface displacement amplification coefficients increase and
then decrease, reaching the peak at the incident ϕ = 40◦ and ϕ = 15◦, respectively. Secondly,
it can be found from Fig. 3 that with an increase in the thermal expansion coefficient, both
the surface horizontal and vertical displacement amplification coefficient gradually decrease. As
the incidence angle shifts, the impact of thermal expansion coefficients on the amplification
coefficient of surface displacement becomes notably significant and thus cannot be dismissed.

Fig. 3. Variation curve of the surface displacement amplification coefficient with the incident angle
under different thermal expansion coefficient

5.3. Effect of medium temperature at different incidence angles

To investigate the impact of changing medium temperature on the displacement amplification
coefficient of the ground surface, the other parameters are kept constant. Figure 4 illustrates
how the amplification coefficient of ground surface displacement varies with the incidence angle
for varying medium temperature levels. Firstly, observing Fig. 4, no matter what value the
medium temperature takes with a change of the incident angle, the trend of the horizontal and
vertical displacement amplification coefficient is the same. That is to say, with an increase in the
incident angle, the displacement amplification of both factors increase first and then decrease,
reaching the peak at the incident angle ϕ = 40◦ and ϕ = 15◦,respectively. Furthermore, it
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is evident from Fig. 4 that the horizontal and vertical displacement amplification coefficient
gradually decrease with a rise in medium temperature. It is apparent that changes in medium
temperature significantly affect the ground displacement amplification coefficient as the incidence
angle varies, and thus cannot be disregarded.

Fig. 4. Curves of the surface displacement amplification coefficient with the incident angle at different
medium temperatures

5.4. Effect of the phase lag of the heat flux at different incidence angles

Compared the porous medium theory under isothermal conditions with thermoelastic theory,
the T -wave will be generated. The phase lag of the heat flux plays a vital role in determining
the fluctuation Eq. (2.1)2 of the T -wave, and subsequently, affects its velocity. To investigate the
influence of changes in the phase lag of the heat flux on the surface displacement amplification
coefficient, the other parameters remain constant. Figure 5 displays the curves of the latter as a
function of the incident angle for varying levels of the phase lag of the heat flux. Firstly, observing

Fig. 5. The variation curve of the surface displacement amplification coefficient with the incidence angle
under different phase lag of the heat flux

Fig. 5, both surface displacement amplification coefficients increase first and then decrease with a
rise in the incidence angle and reach the peak at ϕ = 40◦ and ϕ = 15◦, respectively. Furthermore,
it is evident from Fig. 5 that the horizontal and vertical displacement amplification coefficients
just change slightly with an increase in the phase lag of the heat flux. According to the literature
(Liu et al., 2021), the change of the phase lag of the heat flux only affects the wave velocity of
the T -wave but has little effect on the P -, S-wave. The velocity of the T -wave are several orders
of magnitude lower than that of the P -, S-wave, so the horizontal and vertical displacement
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amplification coefficients only change slightly with a rise in the phase lag of the heat flux, which
also proves the correctness of the results in this paper. Observing Fig. 5, it becomes apparent that
changes in the phase lag of the heat flux have a negligible impact on the surface displacement
amplification factors as the incident angle is varied.

5.5. Effect of incident frequency at different incidence angles

To analyze the impact of altering the incident frequency on the amplification coefficient of
surface displacement, the other parameters are constant. Figure 6 displays the relationship curves
between the surface displacement amplification coefficient and incident angle as the frequency ω
increases from 5Hz to 15Hz, 30Hz, and finally 50Hz. Upon initial observation of Fig. 6, it
is apparent that both surface displacement amplification coefficients increase first and then
decrease with a rise in the incidence angle. The horizontal and vertical displacement amplification
coefficients reach the peak at the incidence angle ϕ = 40◦ and ϕ = 15◦, respectively. Furthermore,
it can be observed from Fig. 6 that both the horizontal and vertical displacement amplification
coefficients increase with a rise in the incident frequency, and the magnitude of the increase
in displacement amplitude increases continuously. It can be seen that the effect of considering
the change of incident frequency on the surface displacement amplification coefficient is not
negligible.

Fig. 6. The variation curve of the surface displacement amplification coefficient with the incidence angle
under different incident frequencies

6. Conclusion

Based on the wave propagation theory in single-phase thermoelastic media, this paper studies
seismic ground motion of the free field on an elastic foundation under a plane P -wave incidence.
The influence of thermal physical parameters such as medium temperature on the seismic ground
motion of the site is analyzed. The results indicate that:

• Significant differences are evident between the surface displacement amplification coeffi-
cients obtained under two theoretical models – one considering thermal effects and the
other neglecting them.

• The surface displacement amplification coefficients decrease as the thermal expansion co-
efficient and medium temperature increase when the plane P -wave is incident upon the
elastic foundation free-field under the thermal effects. The phase lag of the heat flux has
a negligible impact on the surface displacement amplification coefficient.

• With a rise in the incident frequency, the surface displacement amplification coefficients
gradually increase, and the amplitude of the increase becomes larger and larger.
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Appendix A

f11 = [−(λe + 2µen21rp1)k21rp1 − 3KebβeT δeTP1] exp(ik1rp1n1rp1H)
f12 = [−(λe + 2µen21rp2)k21rp2 − 3KebβeT δeTP2] exp(ik1rp2n1rp2H)
f13 = −2µel1rsn1rsk21rs exp(ik1rsn1rsH)
f14 = [(λ

u + 2µun2tp1)k
2
tp1 + 3K

u
b β
u
T δ
u
TP1] exp(−iktp1ntp1H)

f15 = [(λ
u + 2µun2tp2)k

2
tp2 + 3K

u
b β
u
T δ
u
TP2] exp(−iktp2ntp2H)

f16 = −2µul2tsn2tsk22ts exp(−ik2tsn2tsH)
f17 = [(λ

u + 2µun22rp1)k
2
2rp1 + 3K

u
b β
u
T δ
u
TP1] exp(ik2rp1n2rp1H)

f18 = [(λ
u + 2µun22rp2)k

2
2rp2 + 3K

u
b β
u
T δ
u
TP2] exp(ik2rp2n2rp2H)

f19 = 2µ
ul2rsn2rsk

2
2rs exp(ik2rsn2rsH)

f21 = 2µ
el1rp1n1rp1k

2
1rp1 exp(ik1rp1n1rp1H) f22 = 2µ

el1rp2n1rp2k
2
1rp2 exp(ik1rp2n1rp2H)

f23 = µ
e(l21rs − n21rs)k21rs exp(ik1rsn1rsH) f24 = 2µ

ultp1ntp1k
2
tp1 exp(−iktp1ntp1H)

f25 = 2µ
ultp2ntp2k

2
tp2 exp(−iktp2ntp2H) f26 = µ(n

2
2ts − l22ts)k22ts exp(−ik2tsn2tsH)

f27 = −2µul2rp1n2rp1k22rp1 exp(ik2rp1n2rp1H)
f28 = −2µul2rp2n2rp2k22rp2 exp(ik2rp2n2rp2H)
f29 = µ

u(n22rs − l22rs)k22rs exp(ik2rsn2rsH) f31 = n1rp1k1rp1 exp(ik1rp1n1rp1H)

f32 = n1rp2k1rp2 exp(ik1rp2n1rp2H) f33 = l1rsk1rs exp(ik1rsn1rsH)

f34 = ntp1ktp1 exp(−iktp1ntp1H) f35 = ntp2ktp2 exp(−iktp2ntp2H)
f36 = −l2tsk2ts exp(−ik2tsn2tsH) f37 = −n2rp1k2rp1 exp(ik2rp1n2rp1H)
f38 = −n2rp2k2rp2 exp(ik2rp2n2rp2H) f39 = −l2rsk2rs exp(ik2rsn2rsH)
f41 = −l1rp1k1rp1 exp(ik1rp1n1rp1H) f42 = −l1rp2k1rp2 exp(ik1rp2n1rp2H)
f43 = n1rsk1rs exp(ik1rsn1rsH) f44 = ltp1ktp1 exp(−iktp1ntp1H)
f45 = ltp2ktp2 exp(−iktp2ntp2H)
f46 = n2tsk2ts exp(−ik2tsn2tsH) f47 = l2rp1k2rp1 exp(ik2rp1n2rp1H)

f48 = l2rp2k2rp2 exp(ik2rp2n2rp2H) f49 = −n2rsk2rs exp(ik2rsn2rsH)
f51 = −δeTp1 exp(ik1rp1n1rp1H) f52 = −δeTp2 exp(ik1rp2n1rp2H) f53 = 0

f54 = δ
u
Tp1 exp(−iktp1ntp1H) f55 = δ

u
Tp2 exp(−iktp2ntp2H) f56 = 0

f57 = δ
u
Tp1 exp(ik2rp1n2rp1H) f58 = δ

u
Tp2 exp(ik2rp2n2rp2H) f59 = 0

f61 = K
en1rp1k1rp1δ

e
Tp1 exp(ik1rp1n1rp1H) f62 = K

en1rp2k1rp2δ
e
Tp2 exp(ik1rp2n1rp2H)

f63 = 0 f64 = K
untp1ktp1δ

u
Tp1 exp(−iktp1ntp1H)

f65 = K
untp2ktp2δ

u
Tp2 exp(−iktp2ntp2H) f66 = 0

f67 = −Kun2rp1k2rp1δuTp1 exp(ik2rp1n2rp1H)
f68 = −Kun2rp2k2rp2δuTp2 exp(ik2rp2n2rp2H) f69 = 0 f71 = f72 = f73 = 0

f74 = (λ
u + 2µun2tp1)k

2
tp1 + 3K

u
b β
u
T δ
u
TP1 f75 = (λ

u + 2µun2tp2)k
2
tp2 + 3K

u
b β
u
T δ
u
TP2

f76 = −2µul2tsn2tsk22ts f77 = (λ
u + 2µun22rp1)k

2
2rp1 + 3K

u
b β
u
T δ
u
TP1

f78 = (λ
u + 2µun22rp2)k

2
2rp2 + 3K

u
b β
u
T δ
u
TP2 f79 = 2µ

ul2rsn2rsk
2
2rs

f81 = f82 = f83 = 0 f84 = 2µ
ultp1ntp1k

2
tp1 f85 = 2µ

ultp2ntp2k
2
tp2

f86 = µ
u(n22ts − l22ts)k22ts f87 = −2µul2rp1n2rp1k22rp1

f88 = −2µul2rp2n2rp2k22rp2 f89 = µ
u(n22rs − l22rs)k22rs f91 = f92 = f93 = 0
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f94 = n
2
tp1k
2
tp1δ
u
Tp1 f95 = n

2
tp2k

2
tp2δ
u
Tp2 f96 = 0

f97 = n
2
2rp1k

2
2rp1δ

u
Tp1 f98 = n

2
2rp2k

2
2rp2δ

u
Tp2 f99 = 0

g1 = (λ
e + 2µen2ip1)k

2
ip1 exp(−ikip1nip1H) + 3KebβeT δeTp1 exp(−ikip1nip1H)

g2 = 2µ
elip1nip1k

2
ip1 exp(−ikip1nip1H) g3 = kip1nip1 exp(−ikip1nip1H)

g4 = lip1kip1 exp(−ikip1nip1H) g5 = δ
e
Tp1 exp(−ikip1nip1H)

g6 = K
enip1kip1δ

e
Tp1 exp(−ikip1nip1H) g7(1) = g8(1) = g9(1) = 0
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